When customers are classified into ordered categories, which are defined from the outset, it may happen that the majority belongs to a single category. If a market researcher is interested in the correlation between the classification and individual characteristics, the natural question is whether one needs to collect data for all customers in that particular category. We address this question for the ordered logit model. We show that there is no need to consider all those customers. All that is required is a simple modification of the log-likelihood, which is based on Bayes' rule. We illustrate our proposed method on simulated data and on data concerning risk profiles of customers of an investment bank.
Introduction
For marketing purposes it is often of interest to classify customers into various segments. For example, an investment firm, with access to a large database with information on characteristics of its customers and their past investment behavior, may want to classify its customers according to risk profiles. Usually, these risk profiles are defined from the outset as discrete categories. Assuming there are m such categories, category 1 can contain the most risk-averse customers while categories 2 to m contain increasingly less risk-averse customers. The investment firm may now be interested in examining possible correlations between the characteristics of a customer and his or her classification into one of the risk profiles. As the variable to be explained is an ordered and discrete variable, one usually has to rely on an ordered regression model to summarize the correlations.
The database of an investment firm can be very large as it contains a host of information on oftentimes all customers. On the other hand, it may well be that only a few customers fall into one of the abovementioned categories. For example, supposing that there are N customers and m = 3 categories with N 1 , N 2 and N 3 customers, N 1 and N 3 may be substantially outnumbered by N 2 . A natural question is then whether one needs to include all N 2 individuals in the analysis of the ordered logit model. Indeed, if only a fraction of N 2 will suffice, one would save much time and effort, as not all data have to be collected, checked for errors, and stored. In this paper, we address this question for the ordered logit model. We will show that there is indeed no need to collect information on all N 2 customers, and that only a fraction will do. A modification of the likelihood function will give similar inference for both cases, that is, both estimates refer to the same parameters. In practice they do not differ substantially.
The outline of this paper is as follows. In Section 2, we briefly discuss some essentials of the ordered logit model. In Section 3, we put forward the modification of the log-likelihood, which allows for selective sampling from a large number of individuals who all would be classified into the same category. In Section 4, we evaluate our modification in a limited simulation experiment. In Section 5, we apply our method to risk profiles data from a large Dutch investment bank. In Section 6, we conclude with some remarks.
The ordered logit model
Consider the following dependent variable
where j can be thought of as a risk profile class, such that j= 1 corresponds with highly risk averse customers. Assume that there is a latent variable y * , which can be modeled as
that is, y * can be explained by k explanatory variables contained in x (where x does not contain a column of ones for identification purposes). The logistic distribution with mean 0 has the following pdf
The individuals are classified into the m categories by the following rule: . Combining (1), (2) and (3), we obtain that
where F denotes the cumulative density function of the logistic distribution. This model in (5) is called the ordered logit model, see for example McKelvey and Zavoina (1975) and McCullagh (1980) for some early applications.
The parameters of the model can be estimated using the maximum likelihood technique. The likelihood function follows directly from equation (5) 
The parameters are estimated by maximizing the log-likelihood, given by [ ]
We use the Conjugate-Gradient numerical optimization algorithm to maximize the log-likelihood. This technique is available in a Matlab toolbox by the Numerical Algorithms Group Ltd. The method performs successive line minimizations along conjugate directions. The algorithm uses the derivatives of the log likelihood. To save notation, we write ) (
The derivatives are now given by 
Unrestricted optimization of the log-likelihood does not guarantee a feasible solution. In fact, the estimated thresholds should obey the restriction α 1 < α 2 < … < α m-1 . To make sure this restriction is satisfied we can make two adjustments. One possibility is to introduce a penalty in the log-likelihood. When the restriction is not satisfied we add a large negative value to the likelihood. This adjustment makes sure that an infeasible parameter configuration cannot maximize the log-likelihood. The second possibility, which seems more convenient, amounts to using a parameter transformation. That is, we transform the parameters of the threshold in such a way that the restriction is always satisfied. Instead of maximizing over α we maximize the likelihood over µ, where ,........ Note that this transformation implies that α 1 ≤ α 2 ≤ … ≤ α m-1 . When we maximize over µ instead of α, we need the derivatives of the log-likelihood with respect to µ. The derivatives in (8) have to be replaced with 
The variance of the maximum likelihood estimators can be estimated by the inverse of the information matrix
Estimates of this variance can be obtained using the analytical second order derivatives, but we choose to calculate the derivatives numerically. The numerical second derivatives are obtained from the Taylor expansion of the first
The application of this formula will give a vector of derivatives. To obtain the full matrix of second derivatives, the above formula should be applied to all parameters. When all vectors of derivatives are stacked, an estimate of the second order derivatives (Hessian) is obtained. Although the likelihood is a continuous differentiable function, the estimated Hessian is not always symmetric. This is due to round-off errors and the approximation of the derivatives. A symmetric estimate can be obtained by applying
where H denotes the Hessian.
To obtain accurate estimates from the optimization algorithm it usually helps to standardize the regressors. The mean is subtracted from the regressors and then one divides by the standard deviation. To obtain the estimates of the original coefficients, the following transformations have to be made
In the next section, we examine how we have to modify the log-likelihood to obtain proper estimates in case we reduce the sample.
Selective sampling and the ordered logit model
When a market researcher makes an endogenous selection of the available observations, the estimation method needs to be adjusted. This adjustment follows from an application of the theorem of Bayes, see also Cramer, Franses and Slagter (1999) for related results for a censored regression model. Recall that when we assume an ordered logit model, the true probabilities in the population for customer i and category j are
When the full sample is a random sample from the population with sampling fraction α, the probabilities that individual i is in the observed sample and is a member of class 1, 2, to m are then
These probabilities do not sum to 1 because it is also possible that an individual is not present in the sample, which happens with probability (1-α). If however the number of observations in class j is reduced by γ j , where the deleted observations are selected at random, these probabilities become
Of course, when all observations are kept, then γ j = 1. To simplify notation, we collect the reduction factors in the vector Γ and the true population probabilities P ij in the matrix P i , that is
The probability of observing y ij = 1 in the reduced sample is now given by
When we apply Bayes' theorem directly we obtain the same result, that is
With these adjusted probabilities, we can construct the new likelihood (and loglikelihood) function as follows:
To optimize the likelihood we need the derivatives of the log-likelihood to the parameters, where it should be noted that the constants in Γ are known. Writing θ for β or α k , we have
When γ j =1 for all j, no observations are deleted, and in that case we have
This matches exactly with the derivative in the ordered logit model without selective sampling.
Maximizing the log-likelihood in (20) gives estimates of the relevant parameters. It is difficult to derive any exact results for the effect of reducing the samples. Therefore, we analyze our method for simulated data in the next section.
Simulation results
To evaluate the practical usefulness of our method which involves a correction of the likelihood function, we consider the following model to generate realizations of an ordered logit process: Model (24) implies that approximately 77% of the individuals can be classified into category II, where categories I and III both contain approximately 11.5% of the observations. Hence, in a random sample the individuals in category II outnumber those in the other two groups. We use different factors to reduce the observations for group II to investigate the effect of this reduction on the precision of the parameter estimates. The estimates based on the full sample are compared to naïve estimates, which are calculated using the standard method based on the reduced sample, and to estimates obtained from the adjusted likelihood, also based on the reduced sample.
The full sample consists of 5000 observations and we generate 100 replications. Before we analyze all parameters, we present some typical results in Figure 1 . Figure  1 depicts the average estimates of the second threshold parameter over 100 replications for each method and reduction factor. The dashed line gives the average estimate for the naïve method. The solid lines give the estimates based on the full sample and the estimates based on the adjusted method, which are of course based on the reduced sample. It is quite clear that the estimate of the second threshold is biased for the naïve method. In contrast, the adjusted method does provide an unbiased estimate. Notice that we would expect the line for the full sample to be a straight line. However, for every reduction factor we generate new data, and therefore the estimates based on the full sample also differ. Naturally, when the number of replications or the number of observations is very large, these differences will become very small. Table 1 gives the estimates of all parameters for all reduction factors. It is clear that the estimates of the thresholds obtained from the naïve method are highly biased, although the regressor coefficient estimates (slopes) are all estimated quite close to the true values. As expected, our adjusted method gives unbiased estimates, while also the slopes are closer to the true values than estimates by the naïve method.
However, we have to be careful in drawing general conclusions from one simulation experiment. Therefore, we repeat our simulation study for the case with thresholds equal to 5 and 10 and we reduce the number of observations in the first category (which contains roughly 67% of the observations). Table 2 shows that, when we reduce the observations in the first category, almost all coefficients are incorrectly estimated by the naïve method. The thresholds are again affected the most, with the first threshold of the naïve method often taking values smaller than 4 whereas the true value is 5. For this data generating process, the bias of the estimated slopes is larger than for the previous process. Clearly, the adjusted method outperforms the naïve method.
It is also of interest to investigate the effect of the reduction on the absolute errors of the estimates. For this purpose, we can use the mean squared error (MSE) to compare the results. The MSE measures the average squared deviation of the estimate from the true value, that is,
Upon using this MSE we can calculate an empirical confidence interval around the estimates, with the width of this interval measuring the accuracy of the estimates. We assume that the center of the interval is the true parameter value. So the intervals are based on the assumption of unbiasedness of the estimates.
We conclude from Table 3 that the confidence intervals, for the method based on the adjusted log-likelihood, are slightly wider than the intervals based on analyzing the full sample. This is of course due to the fact that the adjusted method uses less data. The intervals for the slopes do not differ that much between the naïve and the adjusted method, but the intervals for the adjusted method are in general less wide. For the second model (see Table 4 ) almost the same conclusions can be drawn. The difference between the performance of the naïve and the adjusted method is even larger. The intervals for the estimates of the first two slope coefficients with the naïve method are often more than two times as large as the intervals based on the full sample. Using the adjusted method the intervals for all parameters are less than 1.5 times as large. Additionally, these last intervals compare favorably with the intervals one would obtain if the rule of the square root of the number of observations would apply.
Based on the outcomes of this limited simulation experiment it is difficult to find general rules for the most appropriate reduction factor. The adjusted method will give good estimates for a wide range of reduction factors. As in an ordered logit model all observations contain an equal amount of information, we might want to use the general rule of equally sized groups.
An application to risk profiles
In this section we illustrate the method based on the adjusted log-likelihood for reallife data. Our potential data set consists of 41582 customers, who can be classified as having a low, middle or high risk profile. From Table 5 , one can see that most (that is, almost 98%) individuals are classified into the middle category and that only about 850 individuals are classified as having low or high risk profiles. For each of these customers we have information on 9 explanatory variables, where we should mention that these have not been used to determine the classification. These variables appear on the left-hand side of Table 6 . Due to confidentiality reasons, we cannot provide further details on the variables, except that they can concern the current state of a customer (for example, number of type I funds) or the behaviour in the recent past (for example, number of type I transactions).
The estimation results for an ordered logit model, where we consider various reduction factors for the observations concerning the middle category, are reported in Table 6 . From this table, we can conclude that considering 10% or 20% of the 40772 observations yields approximately the same parameter estimates (and not very different standard errors) as in case we analyze the model for all individuals. This is even more clear from the relative parameter values given in Table 7 . Only for the variable "Number of type III transactions" (which concern transactions on a high risk type of financial product), we observe that substantial differences appear. In Table 8 , we demonstrate that this is most likely due to aberrant observations in the middle category. A few individuals in this category have exceptionally large values for this variable.
.
Concluding remarks
We proposed a simple modification to the log-likelihood of an ordered logit model, which enables a market researcher to discard a large number of observations from a category containing substantially more observations than other categories do. Through Monte Carlo simulations and an analysis of real-life data, we showed that our method results in unbiased estimates and that the estimated standard deviations do not increase to a large extent. Our method is useful for practical purposes as one may save on collecting, checking and storing data.
Our empirical analysis highlighted that outliers can have a large effect on the final results. As expected, such observations become less influential in a very large data set, and their effect becomes more pronounced if the market researcher is unlucky enough to select these observations for the reduced sample. Hence, a further topic for research is to consider methods that can help to prevent such unfortunate selections. 
